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Abstrat
We expand our study on the dispersion of polarization angles in moleular louds.
We show how the eet of signal integration through the thikness of the loud as
well as aross the area subtended by the telesope beam inherent to dust ontinuum
measurements an be inorporated in our analysis to orretly aount for its eet on the
measured angular dispersion and inferred turbulent to large-sale magneti eld strength
ratio. We further show how to evaluate the turbulent magneti eld orrelation sale
from polarization data of suient spatial resolution and high enough spatial sampling
rate. We apply our results to the moleular loud OMC-1, where we nd a turbulent
orrelation length of δ ≈ 16 mp, a turbulent to large-sale magneti eld strength
ratio of approximately 0.5, and a plane-of-the-sky large-sale magneti eld strength of
approximately 760µG.
Subjet headings: ISM: louds  ISM: magneti elds  polarization  turbulene
1. Introdution
The observational determination of the turbulent energy ontent within the magneti eld is
important for understanding the role of magneti elds in the star formation proess. It provides,
for example, some measure of the amount of turbulent energy ontained in the gas while the further
determination of the turbulent to large-sale magneti eld strength ratio an in priniple be used
to evaluate the large-sale magneti strength with the so-alled Chandrasekhar-Fermi equation
(Chandrasekhar & Fermi
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The determination of the turbulent to large-sale magneti eld strength ratio was the subjet
of a reent publiation (Hildebrand et al. 2009; hereafter Paper I) where it was shown how this
parameter an be preisely extrated from dust ontinuum polarization data through a areful
analysis of polarization angle dierenes as a funtion of the distane between pair of points where
measurements were made (i.e., the angular dispersion funtion). It was desribed how the evaluation
of the turbulent polarization angular dispersion an be ahieved without assuming any model for
the large-sale magneti eld omponent about whih this dispersion is alulated. This is an
important development sine no model will perfetly t the true morphology of the large-sale
magneti eld. Fits to a model will therefore lead to inaurate estimates of the angular dispersion.
This error would then be propagated in the determination, for example, of the large-sale magneti
eld strength when the Chandrasekhar-Fermi equation is used.
In this seond paper on the subjet we generalize our analysis of Paper I by inluding the
proess of signal integration through the thikness of the loud as well as aross the area subtended
by the telesope beam inherent to dust ontinuum measurements. It has long been reognized that
the amount of angular dispersion measured in a polarization map is redued by any integration
proess (Myers & Goodman 1991), as has sine been studied and demonstrated through numeri-
al simulations (Ostriker et al. 2001; Padoan et al. 2001; Heitsh et al. 2001; Kudoh & Basu 2003;
Faleta-Gonçalves et al. 2008). The eet of integration through the thikness of a loud has been
onsidered by Myers & Goodman (1991) in their studies of the optial polarization of dark louds,
while the further inlusion of integration aross the area subtended by the telesope beam and ensu-
ing onsequenes on measurements were investigated through simulations by Heitsh et al. (2001),
Wiebe & Watson (2004), and Faleta-Gonçalves et al. (2008).
We will start with a generalization of the problem onsidered in Paper I by deriving the loud-
and beam-integrated dispersion funtion in Setion 2, whih will then be solved for the speial
ase of Gaussian turbulent autoorrelation and beam prole funtions. In Setion 3 we apply our
analysis to dust ontinuum polarization data obtained with SHARP (Novak et al. 2004; Li et al.
2006, 2008) for the moleular loud OMC-1. We show how the turbulent orrelation length sale for
this loud an be evaluated with the orresponding polarization data. We then use these results to
determine the number of independent turbulent ells ontained in the olumn of dust probed with
our measurements and alulate the turbulent to large-sale magneti eld strength ratio orreted
for the signal integration proess. We provide a detailed disussion of our results in Setion 4 and
end with a summary in Setion 5. Detailed derivations resulting in the relations and funtions used
in these setions, desription of the data analysis, as well as a list of variables and funtions will be
found in the appendies at the end of the paper.
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2. Analysis
2.1. The Cloud- and Beam-integrated Angular Dispersion Funtion
In Paper I the following equation was introdued (see their Equations [A4℄ and [A20℄) for the
analytial derivation of the dispersion in polarization angles within a turbulent moleular loud
〈cos [∆Φ (ℓ)]〉 = 〈B (x) ·B (x+ ℓ)〉
[〈B2 (x)〉 〈B2 (x+ ℓ)〉]1/2
, (1)
where ∆Φ(ℓ) ≡ Φ (x) − Φ (x+ ℓ) is the dierene in the polarization angle Φ measured at two
positions separated by a distane ℓ and 〈· · · 〉 denotes an average. As was then shown, Equation
(1) (and others that derive from it) applies equally well to a three-dimensional magneti eld or its
two-dimensional projetion onto a plane; for the purpose of this paper we are onsidering B (x) to be
the plane-of-the-sky projeted magneti eld, as usually probed with dust ontinuum polarization
measurements. The distane ℓ is also onned to the plane-of-the-sky, unless otherwise noted. We
assume that the magneti eld B (x) is omposed of a large-sale, strutured eld, B0(x), and a
turbulent (or random) omponent, Bt (x), suh that
B (x) = B0(x) +Bt (x). (2)
We must note, however, that the magneti eld diretion inferred from polarization data is
atually the result of some averaging proess as one integrates through the thikness of the loud
along the line-of-sight as well as aross the area subtended by the telesope beam. We therefore
rst dene the normalized magneti eld vetor
b (r, z) ≡ B (r, z)
〈B2 (r, z)〉1/2
(3)
and infer a mean diretion for the loud-integrated magneti eld through the following weighted
integral of b (r, z)
b (r) ≡
∫∫
H (r− a)
[
1
∆
∫ ∆
0
F (a, z)b (a, z) dz
]
d2a. (4)
The two-dimensional (onvolution) integral in Equation (4) is over all spae suh that for the three-
dimensional position vetor x, r is the two-dimensional polar radius vetor on the plane-of-the-sky
and z the depth within the loud. That is,
x = rer + zez (5)
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with er and ez the unit basis vetors along r and the z-axis (whih is oriented along the line-of-
sight), respetively. The beam prole density is denoted by H (r), while the weighting funtion
F (r, z) ≥ 0 is the polarized emission assoiated with the magneti eld b (r, z)1. Please note that
even though b (r, z) is normalized b (r) is not, and while the normalization by ∆ in Equation (4)
is not essential it is inluded for onveniene. Moreover, the quantity ∆ is for the maximum depth
of the loud along any line-of-sight; the detailed behavior of the F (r, z) funtion thus ensures that
Equation (4) is exat even when the depth of the loud is expeted to vary with position on the
plane-of-the-sky.
The normalization of the magneti eld vetor through the loud is warranted beause the
amount of polarized emission in a given region is not a funtion of the strength of the magneti
eld itself. Beause of this we must now onsider a slightly dierent relation for determining the
dispersion funtion. That is, we replae Equation (1) with
〈cos [∆Φ (ℓ)]〉 ≡
〈
b(r) ·b (r+ ℓ)〉[〈
b
2
(r)
〉〈
b
2
(r+ ℓ)
〉]1/2 . (6)
In what follows we introdue a level of idealization neessary for obtaining a quantitative mea-
sure of the turbulent omponent of the magneti eld in moleular louds. We assume stationarity,
homogeneity and isotropy in the magneti eld strength, as well as statistial independene between
its large-sale and turbulent omponents. We therefore have the following averages at points x and
y
〈B0 (x)〉 = B0 (x)
〈Bt (x)〉 = 0
〈B0 (x) ·Bt (y)〉 = 〈B0 (x)〉 · 〈Bt (y)〉 = 0, (7)
and
〈
B20 (x)
〉
=
〈
B20 (y)
〉
=
〈
B20
〉
〈
B2t (x)
〉
=
〈
B2t (y)
〉
=
〈
B2t
〉
. (8)
It is straightforward to show that the homogeneity in the eld strength renders the eld nor-
malization of Equation (3) inonsequential in Equation (6) and we an therefore equally write
1
The measured linear polarization orientation is normal to that of the assoiated plane-of-the-sky magneti eld
when deteting dust ontinuum emission (at submillimeter wavelengths, for example), not parallel to it as ould be
inferred from Equation (4). This is irrelevant to our analysis, however, as we are using the polarized emission as a
weighting funtion in dening a mean orientation for the integrated magneti
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〈cos [∆Φ (ℓ)]〉 =
〈
B(r) ·B(r+ ℓ)〉[〈
B
2
(r)
〉〈
B
2
(r+ ℓ)
〉]1/2 , (9)
with the loud- and beam-integrated magneti eld
B (r) =
∫∫
H (r− a)
[
1
∆
∫ ∆
0
F (a, z)B (a, z) dz
]
d2a (10)
and where the assumed isotropy in the distane (ℓ = |ℓ|) was inorporated. Equation (9) is the
relation we will use to estimate the angular dispersion funtion.
2.2. The Integrated Magneti Field Autoorrelation Funtion
In view of the assumed stationarity and isotropy the integrated magneti eld autoorrelation
funtion
〈
B·B(ℓ)〉 ≡ 〈B(r) ·B(r+ ℓ)〉 an be expressed as (see Eqs. [A1℄-[A5℄ in Appendix A)
〈
B·B(ℓ)〉 = ∫∫ ∫∫ H (a)H (a′ + ℓ) [ 2
∆
∫ ∆
0
(
1− u
∆
)
RF (v, u)RB (v, u) du
]
d2a′d2a, (11)
where we introdued the (assumed statistially independent) autoorrelation funtions for the (non-
integrated) magneti eld and the polarized emission
RB (v, u) =
〈
B (a, z) ·B (a′, z′)〉 (12)
RF (v, u) =
〈
F (a, z)F
(
a′, z′
)〉
(13)
with u = |z′ − z| and v = |a′ − a|. These autoorrelations an be further broken down through the
deomposition of the magneti eld and the polarized emission into their respetive large-sale and
turbulent omponents (see Equation [2℄)
B (a, z) = B0 (a, z) +Bt (a, z) (14)
F (a, z) = F0 (a, z) + Ft (a, z) . (15)
Upon assuming the same statistial properties for the omponents of F (a, z) as those expressed in
Equations (7) for B (r, z), Equations (12) and (13) transform to
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RB (v, u) = RB,0 (v, u) +RB,t (v, u) (16)
RF (v, u) = RF,0 (v, u) +RF,t (v, u) (17)
with
RB,j (v, u) =
〈
Bj (a, z) ·Bj
(
a′, z′
)〉
(18)
RF,j (v, u) =
〈
Fj (a, z)Fj
(
a′, z′
)〉
(19)
where j = '0' or 't' for the large-sale and turbulent omponents, respetively.
The solution to our problem is redued to solving Equation (11) given the dierent autoorre-
lation funtions; the equation to be used for determining the dispersion funtion then beomes
〈cos [∆Φ (ℓ)]〉 =
〈
B·B(ℓ)〉〈
B·B (0)〉 . (20)
2.3. Solution Using Gaussian Turbulent Autoorrelation and Beam Prole Funtions
In order to solve Equation (20) we must speify, at least to some level, the harateristis of
the dierent autoorrelation funtions, as well as the telesope beam prole. We therefore dene
the following
RB (v, u) = RB,0 (v, u) +
〈
B2t
〉
e−(v
2+u2)/2δ2
(21)
RF (v, u) = RF,0 (v, u) +
〈
F 2t
〉
e−(v
2+u2)/2δ′2 , (22)
where the magneti eld and polarized emission autoorrelations eah have large-sale and turbulent
(seond term on the right-hand sides) omponents. The orrelation length sales for the turbulent
magneti eld and polarized emission are δ and δ′, respetively, and, as is implied through Equations
(21) and (22), we assume the turbulene to be isotropi. Furthermore, δ and δ′ are taken to be
muh smaller than the thikness of the loud (i.e., δ ≪ ∆ and δ′ ≪ ∆). The beam prole is dened
with
H (r) =
1
2πW 2
e−r
2/2W 2 , (23)
where W is the beam radius.
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Under these onstraints and denitions Equation (11) an be analytially solved to yield (see
Eqs. [A6℄-[A8℄ Appendix A)
〈
B·B(ℓ)〉 ≃ 〈B20〉 〈F 20 〉
(
〈α (ℓ)〉+
√
2π
〈
B2t
〉〈
B20
〉 {[ δ3
(δ2 + 2W 2)∆
]
e−ℓ
2/2(δ2+2W 2)
+
〈
F 2t
〉〈
F 20
〉 [ δ′′3
(δ′′2 + 2W 2)∆
]
e−ℓ
2/2(δ′′2+2W 2)
}
+
√
2π
〈
F 2t
〉〈
F 20
〉 [ δ′3
(δ′2 + 2W 2)∆
]
e−ℓ
2/2(δ′2+2W 2)
)
, (24)
with
〈
B20
〉
= RB,0 (0, 0) (25)〈
F 20
〉
= RF,0 (0, 0) (26)
δ′′ =
δδ′√
δ2 + δ′2
(27)
and the normalized large-sale funtion
〈α (ℓ)〉 =
∫∫ ∫∫
H (a)H
(
a′ + ℓ
){ 2
∆
∫ ∆
0
(
1− u
∆
)[RF,0 (v, u)〈
F 20
〉
][
RB,0 (v, u)〈
B20
〉
]
du
}
d2a′d2a.
(28)
It is expeted that this large-sale funtion will usually dominate the other terms in Equation
(24), sine these all result from the averaging of the turbulent omponents through the olumn of
dust probed by the orresponding polarization measurements. Indeed, it is apparent that eah of
the turbulent ontributions in Equation (24) sales with a term suh as
N−1 =
√
2πδ3
(δ2 + 2W 2)∆
, (29)
where N is nothing more than the number of independent turbulent ells (for the magneti eld in
this ase) ontained in the olumn of dust probed observationally, as ould have been intuitively
guessed. We also note that for ases where the telesope beam radius were to be muh smaller than
the size of a turbulent ell (e.g., δ ≫ W ) we reover
N =
∆√
2πδ
. (30)
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The number of independent turbulent ells would thus be aounted for by those ells that lie along
the line-of-sight through the thikness of the loud at a given point on its surfae, as would also be
expeted intuitively (Myers & Goodman 1991).
Inserting Equation (24) through (28) into Equation (20) we an write
1− 〈cos [∆Φ (ℓ)]〉 =
〈
B20
〉 〈
F 20
〉
〈
B·B (0)〉
(
[〈α (0)〉 − 〈α (ℓ)〉]
+
√
2π
〈
B2t
〉〈
B20
〉 {[ δ3
(δ2 + 2W 2)∆
] [
1− e−ℓ2/2(δ2+2W 2)
]
+
〈
F 2t
〉〈
F 20
〉 [ δ′′3
(δ′′2 + 2W 2)∆
] [
1− e−ℓ2/2(δ′′2+2W 2)
]}
+
√
2π
〈
F 2t
〉〈
F 20
〉 [ δ′3
(δ′2 + 2W 2)∆
] [
1− e−ℓ2/2(δ′2+2W 2)
])
. (31)
The rst term within parentheses on the right-hand side is, as was previously stated, due to the
large-sale struture in the magneti eld and the polarized emission; it does not involve turbulene.
We an expand this term using a Taylor series with
〈α (0)〉 − 〈α (ℓ)〉 =
∞∑
j=1
a2jℓ
2j , (32)
where the summation is performed only on even values for 2j, sine 〈α (ℓ)〉 is isotropi in ℓ (see
Setion A.2 in Appendix A).
Although the remaining terms in Equation (31) are all due to turbulene, their respetive
ontributions have, in part, dierent origins. More importantly, it should be lear that the total
turbulent omponent is not only due to turbulene in the magneti eld but an also arise from the
presene of turbulene in the polarized emission. For example, the third term within parentheses
on the right-hand side of Equation (31) an be interpreted as a ontribution due to random hanges
in polarized emission at dierent positions in the loud where the magneti eld also hanges
orientation. It follows that the measured (i.e., integrated) orientation assoiated with the polarized
emission, and therefore the dedued magneti eld orientation (i.e., the polarization angle), will
also aordingly utuate randomly.
The last term in Equation (31) seems to imply that the turbulent omponent in polarized
emission will ontribute to the turbulent angular dispersion even in ases where the magneti eld is
uniform (and does not have a turbulent omponent). But this is an artifat of the way we analytially
evaluate the dispersion funtion through Equation (31), whih does not perfetly mimi the way
polarization measurements are aomplished (see Setion 4). In reality, polarization measurements
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are made on a point by point basis, and the dispersion funtion is alulated through an average
of (the osine of) angle dierenes as a funtion of the displaement ℓ (see Eq. [1℄ in Paper I) not
through the evaluation of an autoorrelation funtion suh as given in Equation (11). It follows
that a perfetly uniform magneti eld ould never lead to a measurable angular dispersion; we will
therefore not inlude in our analysis the orresponding ontribution in Equation (31).
Now onsider the following
〈
B·B (0)〉
〈B20〉 〈F 20 〉
≃ 〈α (0)〉
≃
∫∫ ∫∫
H (a)H (a′)
{
2
∆
∫ ∆
0
(
1− u
∆
)[RF,0 (v, u)
〈F 20 〉
] [
RB,0 (v, u)
〈B20〉
]
du
}
d2a′d2a, (33)
where we have taken advantage of the fat that we expet that the large-sale omponent 〈α (0)〉
dominates the turbulent terms in Equation (24) (when ℓ = 0), as was previously stated. Beause the
autoorrelations present in the integrand of the one-dimensional integral are normalized it follows
that this integral, whih we denote as A (|a′ − a|) /2, will always be less than ∆/2 and thus
〈
B·B (0)〉〈
B20
〉 〈
F 20
〉 ≃ 1
∆
∫∫ ∫∫
H (a)H
(
a′
)
A
(∣∣a′ − a∣∣) d2a′d2a
≡ ∆
′
∆
≤ 1, (34)
where the equality to unity only holds when the large-sale magneti eld and polarized emission
are both uniform. The quantity ∆′ an be interpreted as the eetive thikness of the loud; this
will be disussed in more details in Setion 3.2.
Taking these onsiderations into aount, Equation (31) beomes
1− 〈cos [∆Φ (ℓ)]〉 ≃
√
2π
〈
B2t
〉〈
B20
〉
{[
δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+
〈
F 2t
〉〈
F 20
〉 [ δ′′3
(δ′′2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ′′2+2W 2)
]}
+
∞∑
j=1
a′2jℓ
2j , (35)
with a′2j = (∆/∆
′) a2j . If we limit ourselves to small enough displaements suh that ℓ is less than
a few times the beam radius W , then the large-sale term beomes small enough to be adequately
desribed by the rst term in the Taylor expansion of Equation (32) and Equation (35) an be
approximated to
 10 
1− 〈cos [∆Φ (ℓ)]〉 ≃
√
2π
〈
B2t
〉〈
B20
〉
{[
δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+
〈
F 2t
〉〈
F 20
〉 [ δ′′3
(δ′′2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ′′2+2W 2)
]}
+ a′2ℓ
2, (36)
or alternatively
〈
∆Φ2 (ℓ)
〉 ≃ 2√2π
〈
B2t
〉〈
B20
〉
{[
δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+
〈
F 2t
〉〈
F 20
〉 [ δ′′3
(δ′′2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ′′2+2W 2)
]}
+m2ℓ2, (37)
where m2 = 2a′2.
3. Results
3.1. The Polarized Emission
Ideally one would intend to use Equation (36) for the dispersion funtion (or alternatively Equa-
tion [37℄) to determine the ratio of the (square of the) turbulent to large-sale magneti eld strength〈
B2t
〉
/
〈
B20
〉
. As was shown in Paper I, this dispersion funtion is readily evaluated from polarization
data and the aforementioned ratio ould be used to alulate, for example, the large-sale magneti
eld strength
〈
B20
〉1/2
through the Chandrasekhar-Fermi equation (Chandrasekhar & Fermi 1953).
It should be lear, however, that in order to preisely ahieve suh a goal we must nd a way to
determine other parameters suh as the turbulent orrelation sales δ and δ′, the eetive loud
thikness ∆′, and the ratio of the turbulent to large-sale polarized emission
〈
F 2t
〉
/
〈
F 20
〉
.
The polarized emission, in partiular, is problemati. This is beause we do not have diret
information on the weighting funtion F (r, z) or its integrated ounterpart
F (r) =
∫∫
H (r− a)
[
1
∆
∫ ∆
0
F (a, z) dz
]
d2a. (38)
Although the integrated polarized ux P (r) is ontained in polarization data sets obtained
with dust ontinuum polarimeters suh as Hertz (Dotson et al. 2009), SCUBA (Matthews et al.
2009), and SHARP (Vaillanourt et al. 2008), it does not orrespond to the quantity dened in
 11 
Equation (38). Instead the polarized ux is observationally determined through the measurement
of the integrated Stokes parameters
Q (r) =
∫∫
H (r− a)
[
1
∆
∫ ∆
0
Q (a, z) dz
]
d2a (39)
U (r) =
∫∫
H (r− a)
[
1
∆
∫ ∆
0
U (a, z) dz
]
d2a (40)
with
P (r) =
√
Q
2
(r) + U
2
(r). (41)
Although these parameters will also exhibit large-sale and turbulent omponents, they do not
provide us with any means for disentangling the turbulent ontributions
〈
B2t
〉
and
〈
F 2t
〉
due to the
magneti eld and the polarized emission they ontain. We must then resort to some approxima-
tion(s) if we are to make any progress.
Perhaps the most obvious dierene between the two turbulent terms on the right-hand side
of Equation (35) is that the rst one is of rst order in the square of the turbulent to large-sale
magneti eld strength ratio while the other is of seond order. If we assume that suh a ratio is
a fration of unity, then the seond order term an be negleted. This amounts to negleting the
ontribution of the turbulent polarized emission in Equation (35); this is the line of attak we will
use from now on. We therefore write that
1− 〈cos [∆Φ (ℓ)]〉 ≃
√
2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+
∞∑
j=1
a′2jℓ
2j, (42)
while for displaements ℓ less than a few times W we keep only the rst ℓ2 term in the Taylor
expansion
1− 〈cos [∆Φ (ℓ)]〉 ≃
√
2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+ a′2ℓ
2, (43)
or
〈
∆Φ2 (ℓ)
〉 ≃ 2√2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+m2ℓ2. (44)
Whether it is appropriate or not to neglet the turbulent polarized emission is an open question,
whih ould perhaps be adequately investigated through simulations.
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3.2. The Eetive Cloud Thikness
We previously dened the eetive loud thikness ∆′ through the following relation
〈α (0)〉 =
∫∫ ∫∫
H (a)H
(
a′
){ 2
∆
∫ ∆
0
(
1− u
∆
)[RF,0 (v, u)〈
F 20
〉
][
RB,0 (v, u)〈
B20
〉
]
du
}
d2a′d2a
≡ ∆
′
∆
≤ 1. (45)
We an get a sense of the nature of ∆′ by expressing 〈α (0)〉 with the Fourier transform of 〈α (ℓ)〉
at ℓ = 0 (see Setion A.2 in Appendix A for more details)
〈α (0)〉 = 1
(2π)2
∫∫
‖H (kv)‖2
{
1
2π
∫ [R0 (kv, ku)〈
F 20
〉 〈
B20
〉
]
sinc2
(
ku∆
2
)
dku
}
d2kv, (46)
where R0 (kv, ku) is the Fourier transform of R0 (v, u) = RF,0 (v, u)RB,0 (v, u) and sinc (x) ≡
sin (x) /x. It should be apparent that Equation (46) inludes several eets that set the value
of ∆′. For the idealized ase where the autoorrelation R0 (v, u) is uniform aross the loud, its
Fourier transform R0 (kv, ku) is proportional to a Dira distribution (more preisely, R0 (kv, ku) =
(2π)3
〈
F 20
〉 〈
B20
〉
δ (kv, ku)) and ∆
′ = ∆, as was previously stated. For more realisti ases, however,
R0 (kv, ku) will have a nite width along ku and kv. As is also disussed in Setion A.2, the (square
of) beam prole ‖H (kv)‖2 will lter R0 (kv, ku) along kv and therefore redue the value of 〈α (0)〉
(i.e., ∆′ < ∆) through the exlusion of spetral modes loated outside the bandwidth subtended by
‖H (kv)‖2. A more important ltering eet due to the nite spetral width of R0 (kv, ku) along
ku is expeted, however, as it is severely trunated by the integration proess through the loud
thikness ∆. This is learly assessed by the presene sinc2 (ku∆/2) in Equation (46) and the subse-
quent integration on ku. Beause of the assumed large dierene between the loud thikness and
the beam radius (i.e., W ≪ ∆) we expet that this eet will dominate in determining the value of
〈α (0)〉.
If we now introdue ∆ku the spetral width of R0 (kv, ku) along ku with the following denition
2∆kuR0 (kv, 0) ≡
∫
R0 (kv, ku) dku, (47)
then we an further approximate (sine ∆ku ≫ ∆−1)
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∫
R0 (kv, ku) sinc2
(
ku∆
2
)
dku ∼ R0 (kv , 0)
∫
sinc2
(
ku∆
2
)
dku
∼ 2π
∆
R0 (kv, 0)
∼ 2π
∆
[
1
2∆ku
∫
R0 (kv, ku) dku
]
. (48)
Inserting this last relation into Equation (46), with the assumption that the ltering due to the
telesope beam is negligible ompared to that due to integration through the thikness of the loud,
yields
〈α (0)〉 ∼
(
2π
∆
)(
1
2∆ku
){
1
(2π)3
∫∫∫ [R0 (kv , ku)〈
F 20
〉 〈
B20
〉
]
d3k
}
∼
( π
∆
)( 1
∆ku
)
≡ ∆
′
∆
. (49)
We then nd
∆ku ∼ π
∆′
. (50)
Beause of the way the Fourier transform relates the width of R0 (kv, ku) to that of R0 (v, u), ∆′
an therefore be advantageously interpreted as the width of the large-sale autoorrelation funtion
R0 (v, u) (if we assume isotropy, then the width is the same along u or v).
Unfortunately, we do not have aess to R0 (v, u) when mapping the polarization of dust emis-
sion in a moleular loud. However, we an probably get a deent approximation for ∆′ through the
shape of the autoorrelation funtion of the aforementioned loud- and beam-integrated polarized
ux P (r). This funtion is dened with
〈
P
2
(ℓ)
〉
≡ 〈P (r)P (r+ ℓ)〉 . (51)
Albeit this is an integrated quantity, it does provide a good sense of the proportion of the loud that
ontains the bulk of the polarized ux, whih is used as the weighting funtion for the magneti eld
in our analysis (see Eq. [10℄). We also note that this autoorrelation is a funtion of the distane ℓ on
the surfae of the loud, not through its depth. But this is onsistent with the isotropy assumption
from whih it is expeted that a moleular loud will have similar harateristis through its depth
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and aross its surfae. It therefore seems reasonable to assoiate the width of
〈
P
2
(ℓ)
〉
with the
eetive depth of the loud.
For the ase of OMC-1 we use previously published Hertz data
2
(Houde et al. 2004; Hildebrand et al.
2009) to evaluate the eetive depth of the loud. The result is presented in Figure 1, where the
normalized autoorrelation funtion of the integrated normalized ux is shown. As indiated on the
graph, we have arbitrarily hosen the width at half magnitude as the value for ∆′; we will therefore
set ∆′ ≈ 3.′5 for OMC-1 for the alulations that will follow. Also notably, we redene N as follows
(see Eq. [29℄)
N =
(
δ2 + 2W 2
)
∆′√
2π δ3
. (52)
3.3. The Turbulent Correlation Length Sale, the Turbulent to Large-sale Magneti
Field Strength Ratio, and the Large-sale Magneti Field Strength
Having estimated the eetive depth of the loud ∆′ from the autoorrelation funtion of the
integrated normalized ux, we are now in a position to determine two fundamental parameters that
haraterize magneti elds and turbulene in star-forming regions: the turbulent orrelation length
δ and the (square of the) turbulent to large-sale magneti eld strength ratio
〈
B2t
〉
/
〈
B20
〉
. To do
so we refer to Equation (43), whih we write again here for onveniene
1− 〈cos [∆Φ (ℓ)]〉 ≃
√
2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
] [
1− e−ℓ2/2(δ2+2W 2)
]
+ a′2ℓ
2, (53)
whih is valid when the displaement ℓ is less than a few times W .
Our plan onsists of using the previously published 350-µm SHARP polarization map of OMC-1
(Vaillanourt et al. 2008) to evaluate the left-hand side of Equation (53) and t our solution to the
problem (i.e., the right-hand side) to the data. There are only three quantities to be simultaneously
tted for: δ,
〈
B2t
〉
/
〈
B20
〉
, and a′2, the rst two being the parameters we are most interested in at
this time. More details onerning our data analysis will be found in Appendix B.
We show in Figure 2 the result of our non-linear t to the aforementioned data. In the gure,
the top graph shows the t of Equation (53) (solid urve) to the data (symbols) when plotted as
a funtion of ℓ2. The broken urve does not ontain the orrelated part of the funtion, i.e., the
funtion
2
We use data obtained with Hertz instead of SHARP as the former over a larger spatial extent and allow us to
determine
D
P
2
(ℓ)
E
over a large enough distane.
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√
2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
]
+ a′2ℓ
2
(54)
is displayed to better visualize the integrated turbulent ontribution (i.e., the rst term) to the
dispersion in relation to the large-sale omponent (i.e., a′2ℓ
2
) when ℓ is less than a few times W .
The middle graph of Figure 2 displays the same information as the top graph but plotted as a
funtion of ℓ. In the bottom graph we show the orrelated turbulent omponent of the dispersion
funtion (symbols) obtained by subtrating the data to the broken urve in the middle graph, whih
in our model (solid urve) orresponds to
b2 (ℓ) ≡
〈
Bt ·Bt (ℓ)
〉〈
B20
〉
=
√
2π
〈
B2t
〉〈
B20
〉 [ δ3
(δ2 + 2W 2)∆′
]
e−ℓ
2/2(δ2+2W 2). (55)
Finally, the broken urve shows what would be the expeted ontribution of the (assumed
Gaussian) telesope beam alone to the width of the turbulent omponent (i.e, when δ = 0 in
the argument of the exponential). Although we performed our analysis for a Gaussian turbulent
orrelation funtion, it is rather unlikely that the autoorrelation funtion of the turbulent magneti
eld omponent ts this model. We therefore did not use the rst few points (i.e., for ℓ . 0.′2) to t
Equation (53) to the data and onentrated on larger values of ℓ where it is more likely to obtain
a reasonable t. Indeed, there is evidene from the rst few points, when ℓ . 0.′2, in the middle
and bottom graphs of Figure 2 that the Gaussian turbulent autoorrelation funtion assumption is
inorret, as expeted.
A omparison of the expeted ontribution of the telesope beam to the orrelated turbulent
omponent of the dispersion funtion (broken urve in the bottom graph of Figure 2) with the
aompanying data reveals the imprint of the nite turbulent orrelation length sale δ in the
relative exess deteted in the 0.′1 . ℓ . 0.′4 range. This imprint is also evident from the non-zero
integrated ratio of the (square of the) turbulent to large-sale magneti eld strength ratio (i.e.,
b2 (0) from Equation [55℄) that is evident in the data through the interept of the broken urves at
ℓ = 0 in the top and middle graph of Figure 2. As is seen in Equation (55) this interept will go to
zero in the limit where δ → 0 when the number of turbulent ells subtended by the telesope beam
N tends to innity (see Equation [52℄), i.e., in ases where the turbulent omponent is basially
ompletely integrated out.
The results from our t of Equation (53) to the dispersion data are summarized in Table 1.
Most notably, we measure the turbulent orrelation length to be δ ≈ 16 mp (or 7.′′3 at 450 p,
the distane we adopt for OMC-1), whih implies that there are on average N ≈ 21 independent
turbulent ells ontained within the olumn of gas probed by our telesope beam. Furthermore,
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sine our t for the square of the integrated turbulent to large-sale magneti strength ratio yielded
b2 (0) ≈ 0.013, then it follows that
〈
B2t
〉〈
B20
〉 = Nb2 (0)
≈ 0.28, (56)
where we used Equations (52) and (55). This quantity an be inserted in the Chandrasekhar-Fermi
equation (Chandrasekhar & Fermi 1953) to evaluate the strength plane-of-the-sky omponent of the
large-sale magneti eld
〈
B20
〉1/2
=
√
4πρ σ (v)
[〈
B2t
〉〈
B20
〉
]
−1/2
≈ 760µG, (57)
where we used the same values as in Paper I for the mass density ρ (i.e., a gas density of 105
m
−3
and a mean moleular weight of 2.3) and the one-dimensional veloity dispersion σ (v) (i.e.,
1.85 km s−1 as obtained from a representative H13CO J = 3→ 2 spetrum).
We are now in a better position to appreiate the importane of adequately taking into aount
the signal integration proess. Indeed, failing to do so while using the Chandrasekhar-Fermi equation
would imply multiplying the value obtained in Equation (57) by
√
N ≈ 4.6. This would yield a
magneti eld strength of approximately 3.5 mG, a value that is ertainly prohibitively high for
OMC-1 (see Setion 4.1).
4. Disussion
4.1. The Turbulent Power Spetrum
The determination of the turbulent orrelation δ length is important for the haraterization
of turbulene in moleular louds. It is therefore desirable to ompare our result of δ ≈ 16 mp for
OMC-1 with other independent tehniques or analyses that seek to evaluate this quantity, or others
related to it, either observationally or theoretially.
A parameter that is very losely related to δ is the ambipolar diusion sale δAD at whih the
ionized and neutral omponents of the gas deouple, and that may determine the uto wavelength
of the power spetrum of the turbulent omponent of the magneti eld Bt. For this disussion
we therefore dene kAD = δ
−1
AD suh that the (isotropi) turbulent power spetrum Rt (k) ≈ 0 for
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Table 1. Results from our t of Equation (53) to the dispersion data for OMC-1.
Fit Result Derived Quantities
δa b2 (0)b a
′
2 N
c
〈
B2t
〉
/
〈
B20
〉
d
〈
B20
〉1/2e
(mp) (arcmin−2) (µG)
16.0 ± 0.4 0.0134 ± 0.001 0.059 ± 0.001 20.7 0.28 ± 0.01 760
a
Corresponds to the t result of 7.′′3± 0.′′2 at the distane of 450 p assumed
for OMC-1.
b
Corresponds to the linear interept of the broken urves at ℓ = 0 in the top
and middle graphs of Figure 2 (see Equation [55℄).
c
Calulated using Equation (52) with the SHARP beam radius W = 4.′′7 (or
FWHM = 11
′′
) and ∆
′
= 3.′5.
d
Calulated by multiplying the t result for b2 (0) by N (see Equations [52℄
and [55℄).
e
Calulated using the Chandrasekhar-Fermi equation (see Equation [57℄) as-
suming a density of 105 m−3, a mean moleular weight of 2.3, and a veloity
dispersion of 1.85 km s−1. This estimate is probably not preise to better than
a fator of a few due to the unertainty in the density and ∆
′
.
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k > kAD. It follows that if δ
−1
is some measure of the width of Rt (k) (e.g., its standard deviation),
then we expet that δ ≥ δAD.
Reent theoretial (Lazarian et al. 2004) and observational studies have yielded estimates of
the order of 1 mp for δAD in moleular louds. Although an observational determination for the
ambipolar diusion sale has yet to be obtained for OMC-1, Li & Houde (2008) have measured
δAD ≈ 2 mp for the moleular loud M17. If we assume for the moment that this value also
applies to OMC-1, then we nd that the turbulent orrelation length sale of approximately 16 mp
we measured, whih is a fator of many larger than the quoted ambipolar diusion uto sale, is
onsistent with the aforementioned expetation that δ ≥ δAD.
One should always keep in mind, however, that the value for δAD determined by Li & Houde
(2008) pertains to a Kolmogorov-like turbulent power spetrum whereas our value for δ does not.
That is, given a three-dimensional isotropi turbulent autoorrelation funtion
3 Rt (ℓ) from whih
one evaluates the orrelation length δ, the orresponding power spetrum Rt (k) (of width δ−1) is
speied by the Fourier transform of Rt (ℓ). The related Kolmogorov-like power spetrum is not
Rt (k), however, but is usually dened as RK (k) ≡ 4πk2Rt (k) (Frish 1995). It follows that if δAD
is the ambipolar diusion sale pertaining to the Kolmogorov-like spetrum RK (k), then we should
dene a turbulent orrelation length δK that also pertains to RK (k) for a meaningful omparison.
For example, if we onsider the idealization of the Gaussian turbulent autoorrelation funtion
of width δ used for our analysis
Rt (ℓ) = e−ℓ2/2δ2 , (58)
then
Rt (k) = (2π)3/2 δ3e−
1
2
δ2k2
(59)
and the Kolmogorov-like power spetrum is given by
RK (k) = 2 (2π)5/2 δ3k2e−
1
2
δ2k2 . (60)
Calulating the (square of the) width δ−1K of RK (k) (i.e., its variane) we have
δ−2K =
∫
∞
0 k
2RK (k) dk∫
∞
0 RK (k) dk
= 3δ−2. (61)
3
For this disussion we do not restrit ℓ to the plane of the sky, but allow it to span the three dimensions.
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Applying this relation to the result obtained for OMC-1, we now nd that δK ≈ 9 mp. This
value is now a fator of almost two loser to theoretially and observationally expeted values for
δAD. Furthermore, we should also keep in mind that our assumption of Gaussian funtions is
probably inorret. The true turbulent autoorrelation funtion ould yield dierent values for δ
and δK, whih may be loser to the expeted value for δAD.
Another fundamental parameter for the haraterization of turbulene is the turbulent to large-
sale magneti eld strength ratio. With the expetation that the magneti eld will be tied to the
gas through ux-freezing, whih should apply for a signiant part of the spetrum where k < δ−1AD,
this parameter is a measure of the relative amount of turbulent energy ontained in the gas. Our
aforementioned determined value of 0.28 for the square of the turbulent to large-sale magneti eld
strength ratio seems to indiate that turbulene does not dominate the dynamis in OMC-1.
As is shown in Equation (57), the square root of this ratio is used to alulate the strength
plane-of-the-sky omponent of the large-sale magneti eld with
[〈
B2t
〉〈
B20
〉
]1/2
≈ 0.53. (62)
Although our estimate for the plane-of-the-sky omponent of the large-sale magneti eld of〈
B20
〉1/2 ≈ 760µG alulated using this ratio annot be preise to better than a fator of a few
beause of unertainties in the gas density and ∆′, this value is reasonable and in line with other
independent measurements. For example, Cruther et al. (1999) measured a line-of-sight magneti
eld strength of 360µG in OMC-1 using CN Zeeman measurements, whih probed densities that are
omparable to those orresponding to our observations. Inidentally, using these values for the two
omponents of the magneti eld we an get an estimate of approximately 65◦ for the inlination
angle of the large sale magneti eld to the line of sight. Again, this value is onsistent with the
results obtained by Houde et al. (2004) for this objet using an independent tehnique (i.e., 49◦ in
the Orion bar and 65◦ at a loation a few arminutes northeast of Orion KL).
4.2. Weaknesses of the Tehnique
The use of the dispersion funtion in the polarization angle, while adequately taking into
aount the proess of signal integration impliit to dust polarization measurements, allowed us to
determine some of the fundamental parameters haraterizing magnetized turbulene in moleular
louds. Our analysis rests, however, on a few assumptions that require some disussion:
• Our denition for the integrated magneti eld B (r) (see Eq. [10℄) does not perfetly mimi
the measurement proess through whih dust polarization data are obtained. A onsequene
of this was noted in the disussion that followed Equation (31), where it was found that our
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analysis seemingly introdues a ontribution to the angular dispersion that we do not expet
to be present in atual data. Although a hypothetial analysis that would preisely dupliate
the measurement proess (see Eqs. [39℄-[41℄) would be desirable, the quest for an analytial
solution renders this kind of idealization neessary. The same omment ould be made for
the assumptions of isotropy, homogeneity, and stationarity used throughout our alulations.
Nonetheless, we expet that the results stemming from our treatment of the angular dispersion
funtion are suessful in the haraterization of magnetized turbulene in moleular louds.
• We assumed a Gaussian form for the autoorrelation funtions haraterizing turbulene. This
assumption is ertainly inorret and as a result it was not possible to obtain a reasonable
t when using part of the data where ℓ . 0.′2; the shortomings of our Gaussian model is
most learly apparent in that region (see the disussion in Setion 3.3). We must therefore
keep in mind that our estimates for the turbulent orrelation length δ and the turbulent to
large-sale magneti eld strength ratio are orrespondingly unertain to some extent. On the
other hand our t is relatively robust, as small hanges in the domain used for the t (i.e.,
the range of values for ℓ) do not lead to signiantly dierent solutions. The same is true if a
term proportional to ℓ4 is added to the large-sale funtion to be tted (i.e., to the right-hand
side of Eq. [53℄).
• Another soure of unertainty is our modeling of the telesope beam using a Gaussian prole.
Although the beam size we quote is based on atual measurements taken from hopped mea-
surements on pointing soures (e.g., Uranus) and is onsistent with other SHARP observations,
we do not possess a detailed map of the telesope beam prole for our set of observations. The
aforementioned unertainty is a onsequene of the fat that our determination of δ stems,
in part, from a omparison of the orrelated turbulent omponent of the dispersion funtion
with the assumed Gaussian telesope beam (see the bottom graph of Fig. 2). The signiant
dierene observed between the two, however, makes it unlikely that the ensuing eet on our
estimate of the turbulent length sale is important.
• Our analysis has shown that the presene of turbulene in the polarized emission an bring
about additional angular dispersion to that due to turbulene in the magneti eld. As was
disussed in Setion 3.1, however, our inability to disentangle these two ontributions to the
dispersion has fored us to introdue approximations that essentially brought about the neglet
of the turbulent polarized emission. It should be noted that this implies that we overestimated
the amount of turbulene in the magneti eld (measured through
〈
B2t
〉
/
〈
B20
〉
, as obtained
through our t to the data), whih in turn translates into an underestimate of the large-sale
magneti strength when using the Chandrasekhar-Fermi equation. Although this eet is
probably small, we one again stress that the eet of turbulene in the polarized emission
ould perhaps be advantageously investigated and quantied through simulations.
It is interesting to note that although we limited ourselves to the determination of only two pa-
rameters haraterizing the turbulent power spetrum, our tehnique an in priniple be used to
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ahieve signiantly more. We an verify this statement by onsidering the Fourier transform b2 (kv)
assoiated with the turbulent omponent (see Eq. [55℄, for example), whih an be determined from
Equation (A12)
b2 (kv) =
1〈
B20
〉 ‖H (kv)‖2
[∫
Rt (kv, ku) sinc2
(
ku∆
2
)
dku
]
, (63)
where Rt (kv, ku) is the Fourier transform of Rt (v, u) ≡ RF,t (v, u)RB,t (v, u). Sine the spatial
frequeny omponent ku of Rt (kv, ku) is eliminated through the orresponding integration, we an
equally write
b2 (kv) =
1〈
B20
〉 ‖H (kv)‖2Rt (kv) , (64)
where Rt (kv) is now interpreted as the two-dimensional turbulent power spetrum. Under the
assumption of isotropy it would be expeted that Rt (kv) is similar in form to Rt (k), where Rt (k)
is the three-dimensional turbulent power spetrum dened in Setion 4.1. Sine the left-hand side of
Equation (64) an be evaluated by taking a Fourier transform of the data (as shown with the symbols
in the bottom graph of Fig. 2) and that the beam prole H (kv) is presumably well haraterized, it
follows that the turbulent power spetrum Rt (kv) an readily be determined through the inversion
of Equation (64) (using a simple Wiener optimal lter, for example).
Unfortunately our polarization map does not have enough spatial resolution to allow us to
perform this analysis (i.e., our beam prole H (kv) is muh too narrow in frequeny spae), but
there is no obvious reason why this should not be feasible with higher resolution observations. A
muh better haraterization of the turbulent power spetrum would then result. We will address
this question in a subsequent publiation.
5. Summary
In this paper we expanded our study on the dispersion of polarization angles in moleular
louds and showed how the eet of signal integration through the thikness of the loud as well
as aross the area subtended by the telesope beam inherent to dust ontinuum measurements an
be inorporated in our analysis. We orretly aounted for its eet on the measured angular
dispersion and inferred turbulent to large-sale magneti eld strength ratio. We also showed how
to evaluate the turbulent magneti eld orrelation sale from polarization data and applied our
results to the moleular loud OMC-1. For this objet, we nd a turbulent orrelation length of
δ ≈ 16 mp, a turbulent to large-sale magneti eld strength ratio of approximately 0.5, and a
plane-of-the-sky large-sale magneti eld strength
〈
B20
〉
−1/2 ≈ 760µG.
In future papers we will extend our tehnique to study the possibility for obtaining a detailed
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haraterization of the turbulent power spetrum, as well as the disussing evidene for anisotropy
in magnetized turbulene from dust polarization data.
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A. Derivations
A.1. The Autoorrelation Funtion of the Integrated Magneti Field
To obtain Equation (11) we start with
〈
B (r) ·B (r+ ℓ)〉 = ∫∫ ∫∫ H (r− a)H (r+ ℓ− a′)
[
1
∆2
∫ ∆
0
∫ ∆
0
RF (v, u)RB (v, u) dz
′dz
]
d2a′d2a
(A1)
from Equations (10), (12), (13), u = |z′ − z|, and v = |a′ − a|. The integral
I (v) =
1
∆2
∫ ∆
0
∫ ∆
0
RF (v, u)RB (v, u) dz
′dz (A2)
an be transformed into a one-dimensional integral on aount of the assumed stationarity of the
funtions present in the integrand (i.e., they are solely a funtion of |z′ − z|, besides v). To aom-
plish this, after making the hange of variable u = |z′ − z|, we integrate over the square surfae
delimited by 0 ≤ z ≤ ∆ and 0 ≤ z′ ≤ ∆ along the linear path where −∆ ≤ u ≤ ∆. This path is
also perpendiular to a family of strips (along whih u is onstant) of innitesimal area
dS = ∆
(
1− |u|
∆
)
du (A3)
to rst order in du. We then nd that
I (v) =
2
∆
∫ ∆
0
(
1− u
∆
)
RF (v, u)RB (v, u) du. (A4)
We an now further make the hange of variables a → r − a and a′ → r − a′, whih is then
inserted with Equation (A2) into Equation (A1) to yield
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〈
B·B(ℓ)〉 = ∫∫ ∫∫ H (a)H (a′ + ℓ) [ 2
∆
∫ ∆
0
(
1− u
∆
)
RF (v, u)RB (v, u) du
]
d2a′d2a, (A5)
where any dependeny on r is done away with sine u and v are unaeted by this hange of variables
and we integrate over all of spae.
Equation (24) an be derived by rst noting that
2
∆
∫ ∆
0
(
1− u
∆
)
e−(v
2+u2)/2δ2du ≃
√
2π
(
δ
∆
)
e−v
2/2δ2
(A6)
when δ ≪ ∆. This result will arise for all terms ontaining a turbulent omponent (i.e., 〈B2t 〉
and/or
〈
F 2t
〉
) in Equation (A5).
Setting u = a′ + a and v = a′ − a we have
1
2W 2
(
|a|2 + ∣∣a′ + ℓ∣∣2)+ 1
2δ2
∣∣a′ − a∣∣2 = 1
4W 2
(
|u+ ℓ|2 + |v+ ℓ|2
)
+
|v|2
2δ2
=
|u+ ℓ|2
4W 2
+
(
δ2 + 2W 2
4δ2W 2
) ∣∣∣∣v + ℓ
(
δ2
δ2 + 2W 2
)∣∣∣∣
2
+
ℓ2
2 (δ2 + 2W 2)
. (A7)
It follows from this relation, the Jaobian related to the oordinate transformation above, and
Equation (23) that
∫∫ ∫∫
H (a)H (a′ + ℓ) e−|a′−a|
2
/2δ2d2a′d2a =
e−ℓ
2/2(δ2+2W 2)
4 (2πW 2)
2
[∫
e−u
2/4W 2du ·
∫
e
−
“
δ
2+2W2
4δ2W2
”
v2
dv
]2
=
(
δ2
δ2 + 2W 2
)
e−ℓ
2/2(δ2+2W 2), (A8)
whih is dependent on only ℓ and not its orientation. Equation (24) follows from Equations (11),
(21), (22), (25)-(28), (A6), and (A8).
A.2. The Length Sale of the Large-sale Component
We have used the region where the distane ℓ is less than a few times the beam radius to t
the dispersion data to Equation (43). It is therefore appropriate to inquire as to the validity of this
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proedure. To do so, we rst note that the autoorrelation funtion given by Equation (11) an be
expanded with its Fourier transform as follows (with R (v, u) ≡ RF (v, u)RB (v, u))
〈
B (r) ·B (r+ ℓ)〉 = ∫∫ ∫∫ H (a)H (a′ + ℓ) [ 1
∆
∫ ∆
−∆
(
1− u
∆
)
R (v, u) du
]
d2a′d2a
=
∫∫ ∫∫
H (a)H
(
a′ + ℓ
)
{
1
∆
∫ ∆
−∆
(
1− |u|
∆
)[
1
(2π)3
∫∫∫
R (kv, ku) eik·xd3k
]
du
}
d2a′d2a
=
1
(2π)3
∫∫∫
R (kv, ku)
[∫∫ ∫∫
H (a)H
(
a′ + ℓ
)
eikv ·(a−a
′)d2a′d2a
]
[
1
∆
∫ ∆
−∆
(
1− |u|
∆
)
eikuudu
]
d3k
=
1
(2π)3
∫∫∫
R (kv, ku)
[
H (kv)H (−kv) eikv·ℓ
]
[
1
∆
∫ ∆
−∆
(
1− |u|
∆
)
eikuudu
]
d3k, (A9)
where the Fourier transform of a funtion is represented by simply replaing the spatial arguments
by their k-spae ounterparts (e.g., R (v, u) ⇋ R (kv, ku)), and x = v + uez with v = a′ − a and
u = |z′ − z|. But sine
1
∆
∫ ∆
−∆
(
1− |u|
∆
)
eikuudu =
1
∆2
∫ [∫
rect
( τ
∆
)
rect
(
u− τ
∆
)
dτ
]
eikuudu
= sinc2
(
ku∆
2
)
, (A10)
with
rect
( τ
∆
)
=
{
1, |τ | < ∆2 ,
0, |τ | > ∆2 ,
(A11)
we an write
〈
B (r) ·B (r+ ℓ)〉 = 1
(2π)2
∫∫
‖H (kv)‖2
[
1
2π
∫
R (kv, ku) sinc2
(
ku∆
2
)
dku
]
eikv ·ℓd2kv, (A12)
where ‖H (kv)‖2 = H (kv)H∗ (kv) and sinc (x) ≡ sin (x) /x.
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The eet of signal integration is made expliit in Equation (A12). More preisely, it is seen that
the integration through the thikness of the loud heavily lters the spetral omponents along the
line of sight to a small set symmetrially loated about ku = 0 through the presene of sinc
2 (ku∆)
and the integration along ku, while the integration aross the beam prole on the plane of the sky
further lters the signal with ‖H (kv)‖2. For a Gaussian prole as speied by Equation (23) we
have
H (kv) = e
−
1
2
W 2k2v , (A13)
and it beomes lear the only spetral omponents that remain in the integrated polarization map
satisfy kv .W
−1
; the larger the telesope beam the more heavily the signal is ltered spatially.
It should also be noted that the derivation of Equation (24), whih was demonstrated in Se-
tion A.1, an also be ahieved using Equation (A12) under the assumption of Gaussian turbulent
autoorrelation funtions (see Equations [21℄ and [22℄) with δ ≪ ∆.
Restriting Equation (A12) to its large-sale omponent, assuming isotropy, and referring to
Equation (28) we an write
〈α (ℓ)〉 = 1
(2π)2
∫ 2π
0
∫
∞
0
‖H (kv)‖2
[
1
2π
∫ R0 (kv , ku)〈
F 20
〉 〈
B20
〉 sinc2(ku∆
2
)
dku
]
eikvℓ cos(φ)kvdkvdφ
=
1
2π
∫
∞
0
‖H (kv)‖2 J0 (kvℓ)
[
1
2π
∫ R0 (kv, ku)〈
F 20
〉 〈
B20
〉 sinc2(ku∆
2
)
dku
]
kvdkv. (A14)
where R0 (v, u) = RF,0 (v, u)RB,0 (v, u) and J0 (x) is the Bessel funtion of the rst kind of order
0. Performing a Taylor expansion about ℓ = 0 using the identity
J0 (x) =
∞∑
n=0
(−1)n
(
x2/4
)n
(n!)2
(A15)
it is lear that, as expeted, a Taylor expansion of 〈α (ℓ)〉 only ontains terms of even power.
Equations (A13) and (A14) show that, one again, the beam ltering proess will remove any
spetral omponent with kv & W
−1
in the large-sale dispersion funtion; its harateristi length
sale is therefore onstrained by, and limited to a few times, the telesope beam radius. Beause
of this beam ltering eet we expet the part of the spetrum at kv . W
−1
to be dominant in
Equation (A14), therefore limiting ourselves to a domain where ℓ is less than a few times the beam
radius (i.e., kvℓ . 1) to t the dispersion data with Equation (43) implies that
J0 (kvℓ) ≃ 1− (kvℓ)
2
4
, (A16)
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whih justies the method used to model that data and extrat the needed information from it.
B. Data Analysis
The data for OMC-1 from the SHARP polarimeter studied here have been previously published
by Vaillanourt et al. (2008). For our purposes we only inlude data that satisfy the p > 3σp
riterion, where p is the polarization fration and σp its unertainty.
The angle dierenes between eah and every pair of data points are alulated as
∆Φij = Φi − Φj , (B1)
and the orresponding distane between eah point
ℓij ≡ |ri − rj|. (B2)
Note that ℓij = ℓji so that a map with N data points ontains only N(N −1)/2 distint dierenes.
Also note that |∆Φij| is onstrained to be in the range [0, 90] degrees.
These data are divided into separate distane bins with sizes orresponding to integer multiples
of the grid spaing ∆ℓ that results after proessing the SHARP map (∆ℓ = 2.′′37; note that a
SHARP pixel is approximately 4.′′6 and the beam FWHM for our polarization map is approximately
11′′); the bin for ℓk (whih orresponds to k pixels) overs (ℓk −∆ℓ/2) ≤ ℓij < (ℓk +∆ℓ/2). Within
eah bin k we thus alulate the dispersion funtion with
1− 〈cos (∆Φij)〉k , for all (ℓk −∆ℓ/2) ≤ ℓij < (ℓk +∆ℓ/2) . (B3)
The dispersion funtion is orreted for measurement unertainty within eah bin aording to
the unertainty on eah ∆Φij and propagating the measurement unertainties on both Φi and Φj
available in the data set, as is explained below. However, sine it is often the ase that ℓij < W
some values for ∆Φij and their orresponding unertainty will be orrelated. We have therefore
used the following relation for the measurement unertainty
σ2(∆Φij) ≃ σ2(Φi) + σ2(Φj)− 2σ(Φi)σ(Φj)e−ℓ
2
ij/4W
2
, (B4)
whih exhibits the right behavior when ℓij = 0 and ℓij & 2W . The data are then orreted for
measurement unertainty with
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〈cos (∆Φij)〉k,0 =
〈cos (∆Φij)〉k
〈cos [σ (∆Φij)]〉k
≃ 〈cos (∆Φij)〉k
1− 12 〈σ2(∆Φij)〉k
, (B5)
where 〈cos (∆Φij)〉k,0 is the quantity used in our analysis and for the plots in Figure 2, and an even
probability distribution was assumed for the measurement unertainty in ∆Φij .
Finally, the measurement unertainties for the dispersion funtion 1− 〈cos (∆Φij)〉k,0 is deter-
mined with
σ2
[
〈cos (∆Φij)〉k,0
]
= 〈sin (∆Φij)〉2k
〈
σ2(∆Φij)
〉
k
+
3
4
〈cos (∆Φij)〉2k
〈
σ4(∆Φij)
〉
k
, (B6)
for all (ℓk −∆ℓ/2) ≤ ℓij < (ℓk +∆ℓ/2). These unertainties are those plotted in Figure 2, most of
them are too small to be seen in the gure, espeially at the smallest displaements.
C. List of Symbols
In this appendix we list and dene symbols for important variables and funtions appearing in
the text, as well as give in parentheses the number of the equation where they are rst introdued
or dened.
• b: normalized magneti eld (Eq. [3℄)
• b: integrated normalized magneti eld (Eq. [4℄)
• b2 (ℓ): orrelated turbulent omponent (Eq. [55℄)
• B: total magneti eld (Eq. [2℄)
• B0: large-sale magneti eld (Eq. [2℄)
• Bt: turbulent magneti eld (Eq. [2℄)
• B: integrated total magneti eld (Eq. [10℄)
• B0: integrated large-sale magneti eld (Eq. [10℄)
• Bt: integrated turbulent magneti eld (Eq. [10℄)
• er: unit vetor along r on the plane-of-the-sky (Eq. [5℄)
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• ez: unit vetor along the line-of-sight within a moleular loud (Eq. [5℄)
• F : total polarized emission (Eq. [4℄)
• F0: large-sale polarized emission (Eq. [15℄)
• Ft: turbulent polarized emission (Eq. [15℄)in
• F : integrated total polarized emission (Eq. [38℄)
• H: telesope beam prole (Eq. [4℄)
• J0: Bessel funtion of the rst kind of order 0 (Eq. [A15℄)
• ℓ: distane between two measurement positions (Eq. [1℄)
• N : number of independent turbulent ells in the gas olumn probed by the beam (Eqs. [29℄
and [52℄)
• P : polarized ux (Eq. [41℄)
• P : integrated polarized ux (Eq. [41℄)
• Q: Stokes parameter (Eq. [39℄)
• Q: integrated Stokes parameter (Eq. [39℄)
• r: position vetor on the plane-of-the-sky (Eq. [5℄)
• RB: autoorrelation funtion of the total magneti eld (Eq. [12℄)
• RB,0: autoorrelation funtion of the large-sale magneti eld (Eq. [18℄)
• RB,t: autoorrelation funtion of the turbulent magneti eld (Eq. [18℄)
• RF : autoorrelation funtion of the total polarized emission (Eq. [13℄)
• RF,0: autoorrelation funtion of the large-sale polarized emission (Eq. [19℄)
• RF,t: autoorrelation funtion of the turbulent polarized emission (Eq. [19℄)
• R: produt of RF and RB (in normal spae; Eq. [A9℄)
• R0: produt of RF,0 and RB,0 (in normal spae; Eq. [46℄)
• RK (k): Kolmogorov-like power spetrum (Eq. [60℄)
• Rt: turbulent orrelation funtion (Eq. [58℄)
• U : Stokes parameter (Eq. [40℄)
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• U : integrated Stokes parameter (Eq. [40℄)
• W : telesope beam radius (Eq. [23℄)
• x: three-dimensional position vetor (Eq. [5℄)
• z: position along the line-of-sight within a moleular loud (Eq. [5℄)
• α (ℓ): normalized large-sale funtion (Eq. [28℄)
• δ: turbulent orrelation length sale of the magneti eld (Eq. [21℄)
• δ′: turbulent orrelation length sale of the polarized emission (Eq. [22℄)
• δ−1K : Kolomogorov spetral width (Eq. [61℄)
• ∆: maximum depth of a moleular loud along the line-of-sight (Eq. [4℄)
• ∆′: eetive depth of the moleular loud along the line-of-sight (Eq. [34℄)
• ∆ku: spetral width of R0 (Eq. [47℄)
• ∆Φ(ℓ): dierene in polarization angles between two positions separated by ℓ (Eq. [1℄)
• 〈· · · 〉: average of some quantity (Eq, [1℄)
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Fig. 1. Normalized autoorrelation funtion of the integrated polarized ux as alulated using
the previously published 350-µm Hertz data for OMC-1 (Houde et al. 2004; Hildebrand et al. 2009).
We hose the width at half magnitude to determine the value for the eetive depth of OMC-1; we
therefore have ∆′ ≈ 3.′5.
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Fig. 2. The dispersion funtion 1−〈cos [∆Φ (ℓ)]〉 for OMC-1 using the 350-µm data obtained with
SHARP. Top: t of Equation (43) (solid urve) to the data (symbols) when plotted as a funtion of
ℓ2, the broken urve does not ontain the orrelated part of the funtion (see text); middle: same
as top but plotted as a funtion of ℓ; bottom: the turbulent omponent of the dispersion funtion
(symbols), as obtained by subtrating the data points to the broken urve in the middle graph, while
the broken and solid urves are, respetively, the ontribution of the (assumed Gaussian) telesope
beam alone (i.e, when δ = 0) and the t to the data (i.e., with δ = 7.′′3).
